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I. Motivating examples



Traditional Rothe diagrams
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The Rothe diagram of 3142 ∈ S4

• The Rothe diagram of a permutation w ∈ Sn is the set

D(w) := {(w(j), i) ∈ [n] × [n] : i < j , w(i) > w(j)}.

• We have |D(w)| = ℓ(w), and hence
∑

w∈Sn q|D(w)| =
∏n

d=2[d ]q,
where [d ]q = 1 + q + · · · + qd−1 for each d .

• The diagrams D(w) can help produce the Schubert polynomials
Sw (Kohnert, Bergeron, Fomin–Greene–Reiner–Shimozono).
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Involution Rothe diagrams

Hamaker–Marberg–Pawlowski define the involution Rothe diagram
of a fixed-point-free involution w ∈ S2k to be the set

DFPF (w) := {(i , j) ∈ [2k] × [2k] : w(i) > j , w(j) > i , j > i}.
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Perfect matching and involution Rothe diagram for w = (14)(26)(35)



Involution Rothe diagrams

• We have

|DFPF (w)| = ℓ(w) − k
2 = c(w) + 2 · n(w)

where c and n count the crossings and nestings in the perfect
matching corresponding to w ,

and

∑
w∈FPF (S2k)

q|DFPF (w)| =
k∏

i=2
[2i − 1]q.

• The diagrams DFPF (w) can help produce the involution
Schubert polynomials SFPF

w (HMP), which are cohomology class
representatives of Sp2k -orbit closures in the flag variety.
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A new perspective

Goal: to introduce a root-theoretic framework that can recover
collections of objects such as permutations, FPF involutions, their
(involution) Rothe diagrams, and more.

Example. Our constructions in type D4 will recover ...

• the set Ω = FPF (S4) = {(12)(34), (13)(24), (14)(23)};

• the diagrams DFPF (R) and levels λ(R) = |DFPF (R)| for R ∈ Ω;

• the quasiparabolic W (D4)-set (Ω, λ), with Poincaré polynomial
PSΩ(q) = 1 + q + q2;

• the q-Pfaffian Pfq = (−q)0x12x34 + (−q)1x13x24 + (−q)2x14x23

of Strickland and Jing–Zhang.
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PSΩ(q) = 1 + q + q2;

• the q-Pfaffian Pfq = (−q)0x12x34 + (−q)1x13x24 + (−q)2x14x23

of Strickland and Jing–Zhang.



A new perspective

Goal: to introduce a root-theoretic framework that can recover
collections of objects such as permutations, FPF involutions, their
(involution) Rothe diagrams, and more.

Example. Our constructions in type D4 will recover ...

• the set Ω = FPF (S4) = {(12)(34), (13)(24), (14)(23)};

• the diagrams DFPF (R) and levels λ(R) = |DFPF (R)| for R ∈ Ω;

• the quasiparabolic W (D4)-set (Ω, λ), with Poincaré polynomial
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Looking ahead: an example in type E
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II. Orthogonal roots



Root systems

Recall that a (crystallographic) root system in an Euclidean space
E is a finite spanning set Φ ⊆ E of nonzero vectors such that

• α ∈ Φ =⇒ Rα ∩ Φ = {α, −α};

• α, β ∈ Φ =⇒ sα(β) := β − 2(α, β)
(α, α) α ∈ Φ;

• α, β ∈ Φ =⇒ 2(α, β)
(α, α) ∈ Z.



Simple and positive roots

• Every root system Φ ⊆ E contains a subset ∆ such that ∆ is a
basis of E and Φ ⊆ Z+∆ ⊔ Z−∆.

• The elements in ∆, Z+∆, and Z−∆ are called simple, positive,
and negative roots (with respect to ∆), respectively.

• We write Φ+ for the set of positive roots.
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The Weyl group

• The Weyl group of a root system Φ is the group

W = ⟨sα : α ∈ Φ⟩ ≤ O(E ).

The Weyl group is generated by the set S = {sα : α ∈ ∆} of
simple reflections, and (W , S) is a Coxeter system.

• Root systems and Weyl groups have a well-known classification,
as well as explicit descriptions in many cases.

Dynkin diagrams of irreducible root systems (Wolfram MathWorld)
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Explicit descriptions: types An−1 and Dn

In type An−1, we have:

• Φ+ = {εi − εj : 1 ≤ i < j ≤ n};

• ∆ = {εi − εi+1 : 1 ≤ i ≤ n − 1};

• W ∼= Sn, with sεi −εj acting as (i , j) on coordinates.

In type Dn, we have:

• Φ+ = {εi − εj : 1 ≤ i < j ≤ n} ⊔ {εi + εj : 1 ≤ i < j < n};

• ∆ = {εi − εi+1 : 1 ≤ i ≤ n − 1} ⊔ {εn−1 + εn};

• W acts as signed permutations (with an even number of sign
changes), with each sεi +εj sending ±εi to ∓εj and vice versa.
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Explicit descriptions: type E8

In type E8,

• Φ is the union of {±2(εi ± εj) : 1 ≤ i , j ≤ 8, i ̸= j} and
{
∑8

i=1(±εi), signs chosen with an even number of negative signs}.

• ∆ = {2ε1 +2ε8 −
∑8

i=1 εi}⊔{ε1 +ε2}⊔{εi−1 −εi−2 : 3 ≤ i ≤ 8}.

• W is a group of order 696729600.

A projection of the root system of type E8 (Stembridge)
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Action on k-roots

Let Φ be a root system with Weyl group W .

• We define a (positive) k-root of Φ to be a set of k mutually
orthogonal positive roots in Φ.

• We have (w · α, w · β) = (α, β) for all α, β ∈ Φ and w ∈ W , so
W preserves orthogonality between roots.

• We are interested in the W -action on the set of k-roots given by

w · {α1, · · · , αk} = {|w · α1|, · · · , |w · αk |},

where each |β| denotes the positive root in {+β, −β}.
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Key constructions

Let Φ be a root system with Weyl group W . Let U ⊆ Φ+.

• Let κ = κU be the maximum cardinality of pairwise orthogonal
subsets of U.

• We define Ω = ΩU to be the set of all κ-roots of Φ consisting of
roots from U.

• For each κ-root R ∈ Ω, we define the (generalized) Rothe
diagram of R with respect to U to be set

DU(R) = {β ∈ U : sα(β) > 0 for all α ∈ R}.

• We call ρU(R) = |DU(R)| the level of R with respect to U.

We will focus on situations where U and ΩU are WI -sets for a
parabolic subgroup WI = ⟨I⟩ of W (I ⊂ S).
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Example: recovery of involution Rothe diagrams

If n = 2k is even, Φ = Φ(D2k), and U = Φ+:
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• κ = n, and there is a natural bijection FPF (S2k) → ΩU sending
each wM := (i1, j1), (i2, j2), . . . , (ik , jk) ∈ FPF (S2k) to

RM := {εiq ± εjq : 1 ≤ q ≤ k} ∈ ΩU .

• We have DU(RM) = {εi + εj : (i , j) ∈ DFPF (wM)},so D(RM)
essentially is the involution Rothe diagram of wM .
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Example: recovery of traditional Rothe diagrams

If n = 2k is even, Φ = Φ(D2k), and U = {εi + εj+k : i , j ∈ [k]}:
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• κ = k, and there is a natural bijection Sk → ΩU given by

w 7→ Rw := {εi + εk+w(i) : 1 ≤ i ≤ k} ∈ ΩU .

• We have DU(Rw ) = {εi + εj+k : (i , j) ∈ D(w)}, so D(Rw )
essentially is the traditional Rothe diagram of w .



Example: recovery of traditional Rothe diagrams

If n = 2k is even, Φ = Φ(D2k), and U = {εi + εj+k : i , j ∈ [k]}:

1 2 3 4 5 6 7 8

1 2 3 4
1
2
3
4

⋆

⋆ ⋆

• κ = k, and there is a natural bijection Sk → ΩU given by

w 7→ Rw := {εi + εk+w(i) : 1 ≤ i ≤ k} ∈ ΩU .

• We have DU(Rw ) = {εi + εj+k : (i , j) ∈ D(w)}, so D(Rw )
essentially is the traditional Rothe diagram of w .



III. Quasiparabolic structure



Quasiparabolic sets

Let (W , S) be a Coxeter system and T the set of reflections of W .

Definition (Rains–Vazirani, 2013)
A quasiparabolic (QP) set for W is a W -set Ω equipped with a
level function λ : Ω → Z such that

• for all s ∈ S and x ∈ Ω, we have |λ(sx) − λ(x)| ≤ 1;

• for all r ∈ T and x ∈ Ω, if λ(rx) = λ(x) then rx = x ;

• for all s ∈ S, r ∈ T and x ∈ Ω, if λ(rx) > λ(x) and λ(srx) <

λ(sx), then rx = sx .

The QP order on Ω is the weakest partial order ≤ such that
x ≤ rx whenever λ(x) < λ(rx) for some x ∈ Ω and r ∈ T .

* The defining axioms make it possible to deform the W -action on
ΩU to obtain a module of the Iwarhori–Hecke algebra of W .
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level function λ : Ω → Z such that

• for all s ∈ S and x ∈ Ω, we have |λ(sx) − λ(x)| ≤ 1;

• for all r ∈ T and x ∈ Ω, if λ(rx) = λ(x) then rx = x ;

• for all s ∈ S, r ∈ T and x ∈ Ω, if λ(rx) > λ(x) and λ(srx) <

λ(sx), then rx = sx .

The QP order on Ω is the weakest partial order ≤ such that
x ≤ rx whenever λ(x) < λ(rx) for some x ∈ Ω and r ∈ T .

* The defining axioms make it possible to deform the W -action on
ΩU to obtain a module of the Iwarhori–Hecke algebra of W .



QP-sets of n-roots

Theorem (Green-X.)
If Φ is a rank-n root system of type D2k , E7, or E8 and U = Φ+,
then κU = n, and (ΩU , ρU) a quasiparabolic W -set.

• For any R ∈ ΩΦ+ , DΦ+(R) consists of contributions by the
“D4-quadruples” in R, each of which is an “alignment”, a
“crossing”, or a “nesting”. In particular, λ(R) = c(R) + 2 · n(R).

• ΩΦ+ gives rise to a Macdonald representation M ⊆ Sym(V ) of
W , where we have the skein relation “ C = A + N ”.

sε3±ε4 · = = +
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Feature-avoiding n-roots

Theorem (Green-X.)
Let Φ be a rank-n root system of type D2k , E7, or E8 with Weyl
group W .

• The noncrossing n-roots form a sign-coherent basis, B, of the
Macdonald representation M; equivalently, every n-root is a linear
combination of B with coefficients of like sign.

• The nonnesting n-roots forms another basis of M, B′, that admits
a unitriangular transition matrix to B, and B′ has the structure of
a distributive lattice.

• The alignment-free n-roots form a QP set for a suitable parabolic
subgroup WI of W .
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An efficient construction of QP sets

• Let Φ be a simply-laced root system of type Γ with simple roots
∆ and Weyl group W .

• Let αp ∈ ∆, let U = Up be the set of positive roots in which αp

appears with odd coefficient, and let I = Ip = S \ {sαp }.

• We call T (Γ, p) := (W , I, U ) a QP-triple if ΩU is a QP set for
WI .

Theorem (Green-X.)

• In type A, T (An−1, p) is a QP-triple for all p.

• In type D, T (Dn, p) is a QP-triple unless ⌊n/2⌋ < p < n − 2.

• In type E , T (En, p) is a QP-triple unless p ∈ {3, 4, n − 1}.
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An example in type A: T (A7, 3)

Γ = A7, p = 3⇝ U3 = {εi −εj : 1 ≤ i ≤ 3 < j ≤ 8}, WI ∼= S3×S5 :

4 5 6 7 8

1

2

3

⋆ ⋆

⋆

⋆

DU3({ε1 − ε6, ε2 − ε7, ε3 − ε5})



An example in type D: T (D2k , 2k)

Γ = D2k , p = 2k :

This again recovers our FPF example!

• U2k = {εi + εj : 1 ≤ i < j ≤ 2k}, WI = W (A2k−1) ∼= S2k .

• The Rothe diagrams are the involution Rothe diagrams.

• The QP order is the restriction of the Bruhat order.



An example in type E : T (E7, 7)

Γ = E7, p = 7⇝WI ∼= W (D7) :

• U7 has 27 roots, which are in natural bijections with the 27
weights in the minuscule representation L(E6, ω1) and with the
27 lines on a del Pezzo surface of degree 3.

• κU7 = 3, and Ω = ΩU7 consists of 45 triples of orthogonal roots,
which are in natural bijection with the 45 terms in a cubic
invariant polynomial, F , of L(E6, ω1).

• The quantum Hafnian gives a non-recursive way to obtain F , as
the “quantum Pfaffian” QHf |q=−1 =

∑
R∈Ω(−1)ρ(R) ∏

β∈R xβ.
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An example in type E : T (E7, 7)
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The generalized Rothe diagrams of two elements in ΩU7



QP-triples of type E

T (Γ, p) |U| |ΩU | κ “degrees”

T (E6, 1) 16 40 2 5, 8
T (E6, 2) 20 30 4 2, 3, 5
T (E6, 6) 16 40 2 5, 8
T (E7, 1) 32 120 4 3, 5, 8
T (E7, 2) 35 30 7 2, 3, 5
T (E7, 5) 35 30 7 2, 3, 5
T (E7, 7) 27 45 3 5, 9
T (E8, 1) 64 240 8 2, 3, 5, 8
T (E8, 2) 64 240 8 2, 3, 5, 8
T (E8, 5) 64 240 8 2, 3, 5, 8
T (E8, 6) 64 240 8 2, 3, 5, 8
T (E8, 8) 56 630 4 5, 9, 14



Selected further properties

For the QP sets Ω that we have mentioned,

• the Poincaré polynomial PSΩ =
∑

R∈Ω qρ(R) factors into
quantum integers;

• the QP order on Ω often admits some a well-behaved poset
congruence in the sense of Reading;

• there is a well-defined matroid, M, that can be constructed from
any R ∈ Ω, independent of the choice of R;

• the sets of the form T (Γ, p) correspond to symmetric pairs (g, k)
consisting of two simply-laced, equal-rank real Lie algebras, with
U = Up being precisely the noncompact roots of (g, k).
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Thank you!


